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Abstract 

We define fake weighted projective spaces as a generalisation of weighted 
projective spaces. We introduce the notions of fundamental group in codi- 
mension 1 and of universal covering in codimension 1. We prove that for 
every fake weighted projective space its universal cover in codimension 1 is 
a weighted projective space. 
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1 Introduction. 

Miles Reid in his very well known paper |Rei83| . states (the corollary 2.5 about 
contraction of extremal rays): 



Theorem 1.1. If A is a complete simplicial fan, R an extremal ray of NE{X{A)) 
then there is a toric morphism (pn : X ^ Y = X(A*) which is an elementary 
contraction in the sense of Mori theory: (pR*{Ox) and (pniC) = point ^ C E R. 
Furthermore, let 

A ^ B 

n n 

Vr: X ^ Y 

be the loci on which ipR is not an isomorphism; A and B are the irreducible closed 
toric strata (■■■), and ipR : A ^ B is a flat morphism, all of whose fibres are 
weighted projective spaces. 

If we use the standard definition of weighted projective spaces then we see 
that the last sentence is false. In the proof Reid describes the fan of possible 
fibres of such contractions and call them weighted projective space. We will show 
that wps's are not the only toric varieties with fan described by Reid. 

In this paper we define fake weighted projective spaces as a class of spaces 
defined in Miles Reid proof. Next we will see that wps form a subclass of those 
- the aim of this article is to understand how to distinguish them among all fake 
weighted projective spaces. To give an elegant answer we introduce the notion 
of fundamental group in codimension 1. The statement is that a fwps is a wps if 
and only if it has a trivial fundamental group in codimension 1. 

We also we introduce the notion of covering in codimension 1 and we show 
that every fwps has a unique universal covering in codimension 1, which is a wps. 

Using those facts we describe all possible algebraic actions of a cyclic group 
on a P^, which are free away from finite number of points. We prove that any 
such quotient is a fwps. 



2 Notation and definitions 

In this paper by a variety we understand an algebraic variety over the complex 
numbers. In this section we briefiy recall basic notions and notation of the toric 
geometry, most of them taken from |Ful93| . in particular: 



is the lattice of one parameter subgroups of the torus i.e. Z" with the 
standard scalar product. 

A lattice vector f is a primitive vector, if any integral sub-multiple of v is not 
in the lattice i.e.: V„gN ^ ^ N. 

M is the lattice of characters which is a dual lattice to N i.e. M = Hom(A^, Z). 
cr is a convex, rational, polyhedral cone i.e. subset of ^ M" such that: 
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• there exist lattice vectors f i, . . . , f ^ G iV such that any point x e cr can be 
written as ^ajWj, where a, G M>o 

• does not contain any linear subspace, i.e. a fl (— o") = 0. 
Such a we will also denote by cone(fi, . . . ,Vk). 

is the dual cone of the cone a i.e. cr^ = {t> G Mjr = -.WxEa v{x) > 0}. 

5*^ = 0"^ n M is the monoid associated to the cone a where the addition agrees 
with addition in M. 

is the algebra of the cone a that is the polynomial algebra generated by the 
monomials from semigroup 5^. In short: A„ = C[Sa-]. 

Ua is the afSne variety associated with the cone a that is = SpecA^r. 

A denotes a fan in the lattice N which is a set of cones in closed under taking 
and intersecting faces. More precisely, A satisfies the following conditions: 

• if cr G A, then all its faces are also in A; 

• if cones a, r G A, then cr fl r is a face of both a and r. 



FACT [ Qda88L thm 1.3]. If r is a face of a, then the inclusion t ^ a induces 
an inclusion Ur U^j onto an open subset. 

A toric variety is a variety defined by a fan A in the following way: A(A) = 
U„/ ~, where ~ denotes the identification of the open subsets correspond- 
ing to common faces. 

FACT |Ful93L §1.4 p 21 and §2.1, p 29]. Toric variety defined as above is 
separable and normal. 

Here we introduce some additional, handy notation: 

For a cone a by A(cr) we mean the fan consisting of a cone a and all its faces. 
For a fan A by A(l) we mean one-dimensional skeleton of the fan A, i.e. A(l) = 
{a G A : dim a = 1}. 

For a collection of vectors Vi, . . . ,Vn by conv(t>i, . . . , f„) we mean the convex hull 
of the vectors Wi, . . . , w„ i.e. conv(i;i, . . . , Vn) = {Yli=i U ■ Vi : Ya^i = l}- 



Remark 2.1. We will not distinguish between a one dimensional cone a in 
and the primitive vector generating a f] N . 
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Let A and A' be fans respectively in and in N^. 

A map of fans is a lattice homomorpliism ip : N' N , such that 

V^eA 3^'gA' ^(o-) C cr'. 

We will denote it also by : A' — A. Recall that any map of fans induces maps 
of the: lattices of characters M — ^ M', monoids — > 5"^', algebras A„ A„i 
and of the aflfine varieties U^,! U„ gluing together to a map X(A') — > X(A). 

A toric map is a map coming from a map of fans. 

Notation. If (y? : A^' — > A^, ^9 : A' ^ A is a map of fans, then the corresponding 
toric morphism will also be denoted by 

FACT. On a toric variety X(A) there is an action of the big torus T/v — A^®zC*. 
Moreover to any fc-dimensional cone o we can associate n — k dimensional or- 
bit ~ ( |Ful93l §3.1]), where the torus (a+(-a))nA^®C* acts trivially. 

A 1-parameter subgroup A„ : C* — > A^ (8>z C* associated with a vector v E N 
is embedded in the big torus in the following way: A„(t) = {t^'^, . . . ,t^") 

For any cone cr G A a toric stratum V{a) is the closure of the orbit Oa- 

3 tt} - the fundamental group in codim 1 

In this section we introduce the notion of the fundamental group in codimension 
1 and will prove some of its properties. 

Definition 3.1. For an irreducible complex algebraic variety X we define fun- 
damental group in codimension 1 as the inverse limit: 

■k\{X) = lim 7ri(f/) 

ucx 

where U goes over all open, non-empty, algebraic subsets of X such that 

codimc(X\f/) > 2 

Remark 3.2. We will say X is 1-connected in codimension 1, if ti\{X) = 1. 

Remark 3.3. The choice of the base point is not important in our setup, because 
all the varieties under consideration are irreducible and hence arc-wise-connected. 
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The following theorem together with corollary 13.91 and 13.101 explain how to cal- 
culate ttJ of a given normal variety. 

Theorem 3.4. If V is a closed subvariety of a smooth variety X of the complex 
codimension at least 2 (^codimc V >2), then vri(X) = 7ri(X\\^). 

For simplicity of the proof we assume that V is smooth. We will use the follow- 
ing three facts taken from the book |DNF86| . These are respectively |DNF86 
III.2.§10 thm 1], IDNF861 III.3.§12 thm 1], |DNF86[ III.2.§10 thm 3]: 

Theorem 3.5 (Approximation by a smooth map). Let X be a Riemannian man- 
ifold with metric p. If Y is a compact variety, f : Y ^ X is a continuous map, 
then it can be approximated by a smooth map with given precision i.e. \/e > 
there exists smooth map g :Y ^ X such that p{f,g) < e. 

Theorem 3.6 (Maps close to each other are homotopy equivalent). Let X and 

Y be smooth, compact Riemannian manifolds and f,g:Y^X be continuous 
maps. If there exists e > such that if p{f, g) < e, then f and g are homotopy 
equivalent. 

Theorem 3.7 (Transversality). Let X, Y be C°°-smooth manifolds, V C X 
smooth closed submanifold. If f : Y ^ X is smooth, then in any neighbourhood 
of f we can find g :Y ^ X transverse to V. 

Proof, (of Theorem 13.41) We will show that the inclusion X\V ^ X induces iso- 
morphism of the fundamental groups. Let us look at a part of the long homotopy 
exact sequence of the pair {X,X\V): 

7r2{X,X\V) ^ 7ri{X\V) ^ 7ri(X) ^ 7Ti{X,X\V) 

We will show that 7r2{X,X\V) = 7Vi{X,X\V) = 1. 

Let us take a representation of any element from vr2(X, X\V) that is a continuous 
map of pairs u : {D^,S^) {X,X\V). 

Note that as is compact and X\V^ is open, the maps close enough to ui are maps 
of pairs (D^, S^) (X, X\V) and are homotopy equivalent with uj (theorem l3.6p . 
Using approximation theorem 13.51 we can assume, that uj is smooth. Moreover, 
using the transversality theorem, we can assume that uj is transverse to V . As the 
sum of the dimensions over R of D"^ and V is strictly smaller than the dimension 
of X, then by transversality we know that the image of uj does not intersect V . 
Thus UJ : (D^, S^) — > (X\V", X\V^). We have shown that uj represents the neutral 
element in TT2{X,X\y). 

With the same technique we can show that ni^X, X\V) = 1. 

□ 
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Remark 3.8. In the appendix we have written the definitions and theorems which 



we need for the proof of theorem \3.4\ without the smoothness assumption for V. 
The proof in that more general situation stays the same, only in the last step we 
use more general transversality theorem. 



We will state some useful corollaries from theorem 
Corollary 3.9. If X is smooth, then ttKX) = ni{X). 

Proof. In 13.41 we have shown that tci{X) = ni{X\V) for V of codimension at 
least 2. From the definition 

7r}(X) = lim TTi{X\V) = lim 7ri(X) = tti{X). 

vex vex 

□ 



Fact [Sha72L II. §5 thm 3]. Any normal variety X is smooth in codimension 1, 
i.e. codim(Sing(X)) > 2. 

Corollary 3.10. If X is a normal variety, Sing(X) the set of its singular points, 
Xq := X\ Sing(X) set of smooth points, then vrJ(X) = 7ri(Xo). 

Proof. From the proof of lXH we conclude that 7ri(Xo) = 7ri(Xo\V^) for C X of 
codimension at least 2, so the inverse limit in the definition of vrj has a realisation 
on the set Xq. 

□ 

In order to examine the nature of singular points on complex normal surfaces 
Mumford in ( |Mum6l] ) introduced the local fundamental group. He defined it as 
direct limit over pointed neighbourhoods (in the analytic topology) 

71^ = lim7ri(f/\{x}) 

In the case of surfaces our fundamental group in codimension 1 is defined in the 
same way in the algebraic category i.e. all the sets U are open in the Zariski 
topology. 

Mumford proved that rational surface singularities are characterised by their 
local fundamental groups. More precisely: 

Definition 3.11. We call (X, x) a rational singularity if for some resolution 
of singularities n : X' ^ X higher derivatives of the direct image functor in vr 
vanish: K'tt^{Ox') = for i > 0. 

Rationality of (X, x) can be characterised as follows: in some resolution of singu- 
larities (X, IJ Ei) (X, x) exceptional curves Ei are smooth, rational, intersect 
transversely and their intersection graph is acyclic. 
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Theorem 3.12 (Mumford). // (X,x) is a normal rational complex singularity 
and 7Tx{X) = 0, then x is a smooth point. 

Another similarity with Mumford's approach is that in this paper we deal with 
toric varieties, which have only rational singularities. We will see that any wps 
is 1-connected in codimension 1. A wps surface is usually singular in 3 points 
( |Dim86| ). It means that on a wps any loop around one singular point can be 
contracted without touching singularities. 

Definition 3.13. A finite, surjective morphism ip : Y ^ X is called covering 
in codimension 1 if it is unramified in codimension 1. More precisely, there 
exists a subvariety V d X such, that: 

• codim(\/) > 2 

• (p \yi- Yi ^ X\V is a topological cover, where Yi = (p~^{X\V) . 

Remark 3.14. Let Y ^ X be a covering in codimension 1. It is universal (in 
the usual, categorical sense) if and only ifY is one-connected in codimension 1, 
i.e. TiliY) = 0. 

Lemma 3.15. Let p : Xq ^ Xq be the topological universal covering of the set of 
smooth points Xq of a normal variety X such, that p and Xq are algebraic. Then 
p extends to a universal covering in codimension 1. 

Proof. Let us first observe that it is enough to solve the problem for an affine 
X (compare |Iit82l §2.14]). If X satisfies the above conditions, we have following 
diagrams of varieties and of algebras: 

X A 
t i 

Xq ^ Xq Aq Aq 

We want to find X and A, extending these diagrams. Denote by K the quotient 
field of Aq, by A integral closure of the ringp(y4) in K and hy X = SpecTl. Then 
inclusion A ^ A gives the required extension. 

□ 



4 The group tt} for toric varieties 

In this section we calculate the fundamental group in codimension 1 of a toric 
variety in terms of its combinatorial description. See |Ful93| for standard toric 
geometry used in this paragraph. 

Lemma 4.1. Let X be a normal, irreducible variety, U its open, dense subset 
in the Zariski topology. Then the inclusion U ^ X induces surjection of the 
fundamental groups: t[i{U) 7ri(X), 



7 



Remark 4.2. This lemma generalises the part of theorem \3.4\ where we have 
shown that 7ri(X, U) appearing in the following long exact homotopy sequence of 
the pair (X, U) is trivial: 

7ri(f/) ^ 7ri(X) ^ 7ri(X, U) ^ MU) = 1 

Proof, (of lemma 14. II) Let p : Y ^ X he the universal covering. Let us restrict it 
to a Zariski open set U, i.e. let us consider pi : Fi — U, where Yi = p^^{U). Our 
variety X is normal and irreducible, so it is locally irreducible as an analytic space, 
i.e. cutting out subset of a strictly smaller dimension (over C) does not disconnect 
the connected open subsets. Thus, as p is an open map, Yi is connected. Let 
us consider long exact homotopy sequence for fibrations |SS71l §7, §2, Thm 10] - 
write it for p and pi: 

MYi) ^ 7ri(f/) ^ 7ro(F) ^ 7ro(ri) = 1 
i i II II 

1= 7ri(F) ^ 7ri(X) ^ 7ro(F) ^ no{Y) = 1 

By a usual diagram chase we conclude that the homomorphism in question is 
surjective. 

□ 

Definition 4.3. Let v be a vector in the lattice N, let A^, : C* ^ T/v be the 
corresponding one-parameter subgroup. With the vector v there is an associ- 
ated loop in the torus Tjv, which we will also denote by It is given by 
the inclusion ~ [/(I) C*, associated with one-parameter subgroup \^ via 
U{l) = {t:\t\ = l}. 

Corollary 4.4. Let A be a fan in N]^. Any loop in 7ri(X(A)) is homotopy 
equivalent with an algebraic 1-cycle, i.e. associated to a vector v G N. 

Proof. Any toric variety is normal, irreducible and contains as an open dense 
subset the big torus. Thus by theorem 14.11 we know that 7ri(Tjv) 7ri(X(A)), 
and 7ri(Tjv) ^ X is of course generated by Ae^, . . . , Ae„. 

□ 

Lemma 4.5. For a fan A and toric variety X(A) we have 

vrl(X(A))=7ri(X(A(l))) 

Proof. X(A(1)) is an open subset of X(A) whose complement is of codimension 
at least 2: codimc(X(A)\X(A(l))) > 2. So 

7rl(X(A))=7ri(X(A(l))) 

by Theorem 13. 4[ Moreover X(A(1)) is smooth so by Corollary 13.91 the claim 
follows. 

□ 
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Lemma 4.6. // a vector v lies in the relative interior of a cone cr G A, then the 
loop Xy is contractible in U^j. 

Proof. If V lies in the relative interior of a cone a G A, then there exists the 
limit limt^o X^if) = ( |Ful93l §2.3]). Thus the map A^, : C* — > T/v can be 



extended to a map : C ^ Ua, which implies that the loop is contractible. 

□ 

Lemma 4.7. Let N he a lattice of rank n, let A be any fan in N^, with rays 
generated by primitive vectors vi, . . . ,Vk. Then: 



7ri(x(A(l))) =N/N' 



where A(l) is the one- dimensional skeleton of A, and N' C N sublattice generated 
by Vi, ...,Vk. 

Proof. From the corollary 14.41 we know that 7ri(X(A(l))) is generated by 
{A„ : V G N}. Also, from lemma we know that the loops Aj^^ , . . . , Ai,^. are 
contractible. Moreover, for any vector Vi we have an isomorphism 

C* X . . . X C* X C ~ X{cone{v,)) 

thus 7ri(X(cone(f j))) = N/Z-Vi. NowX(A(l)) is covered by open sets X(cone(t'j)), 
of which fundamental groups we already know. Intersection of any two of those 
sets is the big torus. We use the van Kampen theorem: 

7ri(x(A(l))) = (^n,[x{cone{v,)))y^=[ll{N/Z.v,))/^ = N/N' 

where ~ denotes identifications along the map coming from ^ X(cone(fj)), 
that is coming from the surjection: -» N/Z ■ t>j. 

□ 

We summarise the results of this section in the following theorem characterising 
fundamental group in codimension 1 for toric varieties: 

Theorem 4.8 {nl for toric varieties). Let A be a fan in a lattice N. Then: 

nl{X{A)) = N/N' 

where N' is the sublattice of N generated by vectors from 1- dimensional cones 
in A. 
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5 Weighted projective spaces 

In this section we will recall the definition of a weighted projective space. Later 
we will calculate its fundamental group in codimension 1. 

Notation 5.1. Let Vq, . . . ,Vn be primitive vectors in a lattice N of rank n such, 
that G int(conv(t;o, . . . , fn))- By A(fo, . . . , Vn) we denote the fan consisting of 

i 

the cones (Tj = cone(fo, -"^ ■,Vn) and all their faces. 

Definition 5.2. Let oq, . . . , a„ be positive integral numbers. A weighted pro- 
jective space with weights (oq, . . . , a„) is the orbit space of the following action 
ofC* onC"+i\{0}; 

and it is denoted by P(ao, . . . , a^). We will denote the class of weighted projective 
spaces by wF. 

Remark 5.3. For any natural number k there is an isomorphism: 

F{kao, kon) ~ P(ao, • • • , a„). 

therefore we can assume that GCD{ao, . . . , a„) = 1, but even with this assumption 
the numbers ao, . . . , a„ are not uniquely defined QIFOO^ . fDim86^ . fPolS^ ). 

The following proposition describes the structure of a toric variety on a w.p.s. 

Proposition 5.4. Let N be a lattice in R" generated by primitive vectors f o, • • • , fn 
such, that aoVo + . . . + a„f„ = 0. Then 

X{A{vo,...,Vn)) ^ P(ao, . . . , a„) 

Proof. Denote by A the fan A{vo, . . . , fn), by p : C"+^\{0} ^ P(ao, . . . , a^) 
the quotient map from the above definition. The aim is to prove that, p is toric. 
First we explain what the fan of C"+^\{0} looks like. Let N' be a lattice of rank 
n + 1 in ]R"+^, with the standard basis cq, . . . , e„. Let A' be the fan constructed 

i 

in the same way as A, i.e. A' consists of the cones {cone(eo, .y.,e„)}. Then A' 
is the fan of C"+i\{0}. We define a map : C"+^\{0} ^ X(A) on the level of 
lattices by the formula ip{ei) = Vi. We will show that this coincides with p. It 
is straightforwards that (p is the projection along the vector (oq, . . . ,an), so its 
kernel is generated by this vector and we have the following short exact sequence: 

^ Z ■ (ao, ...,an)^N'-^N-^0. 

Now we apply the functor (8>zC* to this sequence in order to obtain (p : — > T^' 
on the level of tori. Because ip : N' ^ N is surjective we get the exact sequence: 

^ (Z ■ (ao, . . . , a„) ®z C* ~ C*) ^ N' 0^C* ^ N ®j^C* ^ 
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where C* ^ N' ®z C* is given by: t i— (oq, • • • , 0,^) ® t. Thus the kernel of 
<y9 as a map of tori is the one-parameter subgroup corresponding to the vector 
(ao, . . . , a„). We have shown that for the big torus we are dividing out by the 
C*-action, and hence p \tj^, = \t^,, which means = p- 

□ 

We note, that any weighted projective space P(ao, . . . , a„) is obtained as a quo- 
tient of by an action of some finite group. This map is usually branched in 
codimension 1. 

Proposition 5.5. Any weighted projective space is the orbit space of an action of 
a finite group on a projective space of the same dimension: ifGCD{ao, ■ ■ ■ , an) = 1, 
then P(ao, . . . , a„) = P^/G, where G = Za„ © ... © acts coordinate-wise (see 
equation below). 

Proof. We will construct toric maps q and q' in the following diagram: 



\{0} 



C"+i\{0} 
f 



where ip is a projection defined as in the proof of proposition 15.41 and ipi is the 
usual dividing out by scalar multiplication. 

On lattices ip : N' ^ N (respectively ipi : N[ — iVi) is a projection along 
the vector (oq, . . . , a„) (respectively (1, . . . , 1)). We will choose a basis for the 
sublattice of the lattice A^' in such a way that, the vector (!,...,!) from the 



lattice A'"( will become the vector (oq, 



from the lattice N' . 



Let N[ = ZaoCo 



Z a„e„ and let q' : N[ ^ N' be the inclusion of lattices. 



ao 



On the level of varieties q' corresponds to a quotient by the action of G = Z, 
. . . © Za„ : let Ei be the primitive root of 1 of degree Oj and at the same time 
generator of Z^. C G. Then the action is as follows: 



(1, . . . , £j, . . . , l){xo, . . . , Xn) — {xq, ■ ■ ■ ,£i 



Xi 



I Xr 



and it descends to the required action on P". Thus the earlier described diagram 
of lattices can be completed to a commutative one: 



N' 



N 



In that way we have constructed the map q : P" 
initial diagram. 



P(ao, . . . , a„) completing the 



□ 
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Remark 5.6. The numbers ag, . . . , a„ are not uniquely defined, nor are the maps 
in question. 

The last theorem of this section will summarise results of the previous two sections 
in the useful form: 

Theorem 5.7. Weighted projective space P(ao, • • • , «n) is one-connected in codi- 
mension 1 i.e. 7rJ(P(ao, • • • , = 0. 

Proof. This follows from the theorem 14.81 which says that 7r]^(X(A)) = N/N'. 
For P(ao, . . . , a^) lattices and A^' are the same — N' is defined as sublattice N 
generated by the vectors vq, . . . ,Vn & ^(1)- Proposition 15.41 says that the vectors 
Vq, . . . ,Vn generate the lattice A^. 

□ 

6 Fake weighted projective spaces 

In this section we define fake weighted projective spaces (fwps). The fan of a fake 
weighted projective space is described in the Reid's proof of theorem 11.11 and it 
is almost the same as a fan of a weighted projective space. 

We already have introduced notation for those (15.11) . when we have been 
defining weighted projective spaces. The only difference between these two classes 
of varieties, when we look at fans and lattices is that in fwps case the vectors 
defining the fan need not to generate the lattice N. 

Definition 6.1. We call X{A{vo, ... ,Vnj) a fake weighted projective space 

for any vectors satisfying assumptions of the notation I5.il We denote the class 
of fake weighted projective spaces by t¥, or by if we mean the subclass of 
varieties of dimension n in t¥. 

Example 6.2. The class tF is significantly bigger than the class wF: let us take 
the fan generated by the following vectors in the standard N = 7? lattice: 

vo = {l,-l), i;i = (l,2), V2 = {-2,1) 

The generated lattice has index 3, thus X(A(t>o, fi, ^2)) is not a wps, but of course 
is in tF. As we will see later it is a divided by the following action of Z3 

e ■ (xo, xi, X2) = {xq, e ■ xi, ■ xi) 

where e is primitive root of unity of degree 3. 

Before we state the main result of this section we need to prove the following 
lemma: 
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Lemma 6.3. Let N <Z N he both of rank n. Let A and A the same fan embedded 
respectively in the lattice N and N. Then the finite group G = N/N acts on 
X{A) and the quotient map : X{A) X{A) comes from the inclusion of 
lattices ^ : N N. 

Proof. The following sequence is exact: 

0-^N^N^G^O. 

We apply the functor ®zC* to it and we get: 

Tor^ (G, C*) ^T^^Tn^G(»zC* -^0. 

We can rewrite the above sequence as: 

^ G ^ Tj^ ^ Tn ^ 0. 

Thus on the tori we have a topological covering ^ : — T^r with Galois group 
G. The group G acts on by left multiplication. This action can be extended 
to X{A). We will show, that ^ is the quotient map. Note that it is enough to 
find a covering by affine subsets with this property. 

Fix 0" G A. We will show, that the restriction ^ \u^: Ua ^ is the quotient 
map. The action of G on the torus induces the action of G on the function 
algebra of the torus Aq and the map ^ : Aq ^ Aq is an inclusion on the G 
- invariant subalgebra. As G is a subgroup of the torus, it acts also on the 
algebra A^, thus the restriction ^ \a^- A„ A^ is an inclusion on the G-invariant 
subalgebra as well. We conclude that ^ : -^(A) -'^(A) is the quotient map. 

□ 

Theorem 6.4. For any fake weighted projective space X{A{vo, . . . ,Vn)) there 
exist a unique universal covering in codimension 1, which is a weighted projective 
space ^ : P(ao, . . . , ctn) — > X(A(t;o, . . . , fn))- Moreover the numbers ao, . . . ,an are 
positive, integral and they satisfy the condition: X^iLo*^*^* ~ ^• 

Proof. The covering is induced by lattice inclusion. Let N be the sublattice of 
generated by vectors Vq, . . . , f„. These vectors are dependent in N, moreover G 
conv(vo, • • • , f„). Let ao, . . . ,an be positive integers such, that Yl^=o ^'i'^i = 0- Let 
us consider the fan A(fo, • • • , Vn) in the lattices N and N. Denote it respectively 
by A and A. Of course X{A) is the wps f{ao, . . . , an). The lemma 16731 says that, 
the map ^ : X{A) X{A) induced by the inclusion of lattices is a quotient map 
and that there is an induced group action of N/N on P(ao, . . . , a„). We need to 
show that ^ is unbranched in codimension 1. We know that: 

• branching points of ^ are in 1-1 correspondence with the points with non- 
trivial isotropy group of the action of N/ N 



13 



• all points in an orbit of the action of big torus have the same isotropy group 

• any orbit Or is contained in the afiine set Ur. 

Let us fix a 1-dimensional cone r (in other words a vector v G {vq, . . . ,Vn}) 
and let us check that ^ lu^: Ur ^ Ur is unbranched on Or (where f denotes the 
cone r as a subset of N). The vector v is primitive both in the lattice and 
in the lattice N. Thus Uf - Ur - C x (C*)"^^ and also ~ ~ (C*)"~^ 
Moreover the coordinates can be chosen in such a way that the map ^ : f/f — > t/^ 
becomes the product of identity and the already described map on tori. Consider 
the following commutative diagram of short exact sequences: 

^ Z-v ^ N ^ N/Z-v 

^ Z-v ^ N ^ N/Z-v 

If we split the top sequence and the lower one accordingly, then the splittings 
will match. Therefore we get the following commutative diagram: 

C ^ Ur Of 

II i i 

C ^ Ur ^ Or 

where Of ^ Or is a topological cover with the Galois group N/N. Finally ^ 
is a covering in codimension 1 and by theorem 15.71 it is a universal covering in 
codimension 1. 

□ 

Theorem 6.5 (Characterisasion of the class wF in the class tP). If X is a fake 
weighted projective space then it is a weighted projective space if and only if it is 
1- connected in codimension 1. In short: 

X et¥ =^ {X ew¥ nl{X) = 1) 



Proof. By theorem 16.41 we have a uniquely defined universal covering by a 
weighted projective space, which is trivial exactly for the class of wps. 

□ 



Corollary 6.6. We can summarise the results of \6.4\ and of \5.5\ by saying that 



for any fake weighted projective space X there exists a finite map : P" — > X. 
This is not uniquely defined. 
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Before we proceed, let us note that fake weighted projective spaces can actually 
appear as fibers of extremal contractions, as described by Reid. Let us take 
any 2-dimensional fwps (example 16.21) . From the cone theorem we know that 
extremal rays in NE{X) correspond to toric strata of dimension 1, that is to 
cones of dimension 1. Let us take any cone a of dimension 1. The corresponding 
map contracts the curves numerically equivalent with V{a). Let us recall ( |Ful93 
§3.4, p 63]) ) the well-known formula for the rank of the Picard group for toric 
variety with simplicial fan: rkPic(X(A)) = #A(1) — rkA^. In our case: X G 
_^ rkPicX = 3 — 2 = 1, so the target of our contraction is a point. 

7 Application - quotients of by a cyclic group 

To illustrate theorem 16.41 we will find explicitly all possible actions of a cyclic 
group on the surface P^, that give the universal covering in codimension 1. We 
will investigate a particular toric map coming from the inclusion of lattices as in 
lemma loll . 

Lemma 7.1 (Toric quotient of C""''^ by Z^). Let e be a primitive root of unity of 
degree r, let ao, . . . ,an be non-negative numbers. Assume that GCD{ao, . . . , a„) = 1. 
Fix the action of cyclic group Z,. = (e) on C'^'^'^ by: 

e ■ (xo, . . . , x„) = {e"" ■ xo, . . . , e"" ■ x„). 

Then the quotient map : C"'*'^ — C^^^/Z^ is a toric map corresponding to the 
inclusion of lattices: 

^ : Z-eo©...©Z-e„ ^ Z ■ + (Z ■ Cq © . . . © Z ■ e„), 

where v = ^(oq ■ cq + . . . + ■ e„). On the level of cones ^ is the identity. 

Proof. Set iV = Z ■ Co © . . . © Z ■ e„ and = Z ■ + Z ■ Co © . . . © Z ■ e„. We have 
the exact sequence: 

O^iV^A^-^Z^^O. 

From lemma 16731 we know that ^ : C"+^ C^^^/Zr is a quotient map and its 
kernel on the level of tori is Z,,. We need to check how this Z^ is embedded in 
Tjy. On tori we have: 

^ Z, ^ ^ Tjv ^ 0, 

where ^(cj ® t) = © t. Recall that the isomorphism T^r ~ © C* is given by 
[vo, . . . , f„) © t = (r°, . . . , T"). The group generated by {e"-°, . . . , e"") is in the 
kernel: 

n n 

^ (^ O'i'^i ® e:) = ^ ajCj ©£ = r- t'©£ = t'©l = 

i=0 2=0 
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(for the module N <S) C* we use the additive notation). We know that Z,. is 
the kernel, thus it is generated by (£"°, . . . , £"") and the action is diagonal, as 
required. 

□ 

Remark 7.2. In the above proof vector v is not unique: by taking any vi deter- 
mining the same lattice, we get the same action. In other words if: 

V -vi e N, 

then the lattices: 

Z • vi + (Z • eo © . . . © Z • e„) = Z • V + (Z • eo © . . . © Z • e„) 

are identical, thus the vectors v and vi determine the same map. 

Lemma 7.3 (When is tP^ covered by in codimension 1). A surface tP^ is 
covered by P^ in codimension 1 if and only if it is isomorphic to the orbit space 
of Zr acting on P^ in the following way: 

e- {zq: zi : Z2) = {zq : £"+^ • : £" • Z2). 

In the above we assume £ to be a primitive root of unity of degree r and 

GCD{a, r) = GCD{a + 1, r) = 1. 

Proof. Let X{A) G tF^ and let vo,vi,V2 be the vectors generating A(l) in the 
lattice Z ■ /i © Z ■ /2. We can assume that t'o = (1,0) by applying a lattice 
automorphism if necessary. As the covering wps of X{A) is P^ ~ P(l, 1, 1), the 
sum of the vectors vo,vi,V2 need to be zero: (1,0) + (a,r) + {c,d) = (0,0). We 
get: 1 + a + c — and r + d — 0. Thus the fan A is generated by the vectors 
(1, 0), (a, r), (—1 — a, — r). These vectors generate lattice of index r in the initial 
lattice. Thus on tori we are dividing out by the cyclic group Z,.. Now it is enough 
to see what this action looks like in homogeneous coordinates P^. We will find an 
action of Z^ on C^\{0} which descends to P^. Let us write the following diagram: 

C3\{0} ^ C3\{0}/Z, 



/c* 



/c* 



p2 Mr^ 

corresponding to the following diagram of lattices: 

Zeo © Zei © Ze2 — > Zw + (Zcq © Zei © Ze2) 



(Zvo © Zvi © ZV2) + -yi + V2) — > (Z/2 + {Zvq © Zvi © Z^;2)) /Z(i;o + -yi + V2) 
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where w = ^(ao, 01,02). We already know that: 

f2 = ^{{a + I) ■ vq + a ■ V2) 

so we can assume Oq = and thus ai = a + 1, a2 = a. From the lemma mi the 
action of on C^\{0} in the homogeneous coordinates is given by the required 
formula. 

□ 

Remark 7.4. Of course the action can be written in various ways - we can mul- 
tiply by a number and choose various primitive roots. This ambiguity corresponds 
to that in the proof \ 7. R Let illustrate this phenomena on an example. Let ^ = 
Consider the action 

^ ■ (xo : Xi : X2) = (xo : ^^Xi : ^^0:2) 
By substituting e = ^"^ we get = and = e^, so the action is: 

e ■ (xq : Xi : X2) = (xq : e^Xi : 6^X2) 
This corresponds to the following ambiguity on the vectors: 

^(0,5, 6) -^(0,3, 5) = (0,1,1) 

However, if the Zr-action is free outside of a finite set, it can be written as in 
lemma VT^ as follows: Suppose we have the following action: 

^■{xq-.Xi: X2) = i^^Xo : ^Xi : X2) = (xq : ^^~^Xi : ^''^2) 

where GCD{b,r) = GCD{c,r) = GCD{h — c,r) = 1. Lt is equivalent to the 
action: 

e ■ {xq: xi: X2) = {xq : e'^'^^Xi : e"-X2) 
where e = and ac = —b mod r. 

Lemma 7.5. ( Lemma 1 7. 3\ from different point of view.) If an action ofZr 
on is algebraic and free out of finite number of point, then it can be written in 
some basis in the form: 

e- {zq: zi: Z2) = {zq : ■ Zi : ■ Z2) 

where e is a root of unity of degree r and a and a + 1 are co-prime to r. 

Proof. All the algebraic automorphisms of P" form the group PGL{n+l) |Har77l 
Exercise 7.2]. In our case is a subgroup of PGL{3) = SL{?))/'L^. Matrix of 
the generator of Z^, seen as an element of SL{?))^ can be diagonalised because it 
has finite order. 

By choosing the coordinates diagonalising the action and using the lemma 17731 we 
get the required formula. 

□ 
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Corollary 7.6. // a normal surface S fulfils the assumptions of IWWOSl, Thm 
2.3] and t^\{S) is a cyclic group, then S is isomorphic with a surface of type tP^ 
from the lemma VTR 
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A Appendix - stratifications 



Here we quote the definitions and theorems needed for the proof of theorem 13.41 
in its stronger version. It says that for smooth X and not necessarily smooth 
algebraic subvariety V of codimension at least 2, one has 7ri(X\l^) = ni{X). 

Definition A.l. Let V be a closed subvariety of a smooth variety X . We say 
that there exists a Whitney stratification of V if V can be written as a sum 

V = IJ-gj Si, where I is a partially ordered set and the following conditions hold: 

- Si is locally closed, smooth subvariety of X , 

- if a < (3 the Whitney conditions A and B for the pair Sa, Sjj hold: for any 
sequence Xi E Sp convergent to the point y E Sa and for any sequence of points 
yi E Sa convergent to the same point y E Sa let us denote secants by U = Xiyi. 
Suppose that k converge to the line I and the tangent spaces T^-Sp converge to r, 
then the Whitney conditions say: 

(A) TySa C r 

(B) I C T. 

Theorem A. 2 (Stratification, |GM88l p. 1]). If V C X is a subvariety of a 
smooth algebraic variety X, then there exists a Whitney stratification for V. 

Theorem A. 3 (Transversality, |GM88l p. 1]). Let Y and X be smooth varieties, 
letWcY and V C X be their closed subsets with Whitney stratifications. Then 
the set of maps f : Y X which are transversal to V when restricted to do W 
is open and dense in the C°° -Whitney topology on the space of smooth maps from 

Y to X. 
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